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Topic 6

Logarithmic & Exponential Functions

(JO6/P1/Q9)

Given that u =log, x, find, in simplest form in terms

of u,

@ x

(i) 1g(§j

(i) log,8. [5]

Thinking Process

(i) Change the given logarithmic expression into
index form.

(i) Apply logarithmic rule: Ig[gjﬂga—lgb.
(i) Change base for log, 8.

Solution

) u =log, x
=x=4"
=x=2%

(i) logy (Ej =log416 —logy x
x

=log442—log4x=2—u

(iii) log, 8= izz—:i
= 10g14x x (log, 2*)
= Togs x x(log,2)
3wt 4]
(DO6/P1/Q8)

(a) Solve the equation Ig(x+12)=1+1g(2-x). [3]

(b) Given that log, p=a. loggg=>b and L _ye ,
q

express ¢ in terms of a and b. [4]

Thinking Process

(a) Apply “Quotient law of Logarithms” and write 1 as
Ig 10.
(b) # Express p and g as base of 2.

Solution

(a) lg(x+12)=1+1g(2 - x)
=lg(x+12)-1g(2-x)=1
=lg );+12 =1gl0

x+12 _

10
2-x
= x+12=20-10x
= 11x=8
8

X=—
11

(b) log,p=a
= p=2°

(NO7/P1/Q7)

(1) Use the substitution # = 2* to solve the equation

2% = %2 4 5, [5]
(i1) Solve the equation
2logy 3 +logs(7y —3) =log, 8. [4]

Thinking Process

(i) Substitute 2% as u and solve for u. Using log
subsequently, solve for x.
(i) Apply log m" = nlogm and log,a = 1.

Solution
() 2% =245 = (@2 =2"%x2%+5
substituting u = 2%, we have

@)’ =ux2’+5

u —4u-5=0
@=-5u+1)=0
= u-5=0 or u+1=0
= u=>5 or u=-1
= 2% =5 2% =1 (rejected)

taking lg both sides
lg2* =1g5
xlg2 =1g5

x=1g—5=2.32 (3 sf) Ans.
g2
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4

(i) 2log,3+logs(7y-3)=log,8

log, 3% +logs(7y - 3) =log, 2°

logy 9 +logs(7y —3) =3log, 2
1+logs(7y-3)=3
logs(7y-3)=2
Ty —3=5
Ty-3=25

Ty=28 = y=4 Ans.

(J08/P1/Q8)
(i) Given that log,x =alog;x, find a. [1]
(ii) Given that logy,; v =blogyy, find b. [1]

(ii1) Hence solve, for x and y, the simultaneous
equations

6log, x +3log,, ¥y =8,
logy x+2logy, vy =2. [4]

Thinking Process

log, a
log, b
(i) # Use results of part (i) & (ii) to solve (iii).

(i) & (iiy Apply change of base i.e. log,a=

Solution
(i) logyx=alogyx

azloggxx1

0g; x
_ log, x 1
" log,9 " log, x
_Jogy 1 1
2logy3 logyx 2
a :% Ans.

(i) log,, y =blog,y

1
b=lo X ——
g27y 10g3y
_ log, ¥ < 1
log;27 logyy
_logsy 1 1

= X

log, 3

logy ¥ 3

b=

3
% Ans.

5

(iii) Consider 6log,x+3log,, ¥ =8
using results from part (i) and (ii)
6(alog3 x) + 3(blog3 y) =8
1 1
= 6(Elog3 x) + 3(§log3 y) =8
= 3logyx+logyy=8--noen- (@)

consider log;x+2log,y=2

using results from part (i)
log, x + 2(%log3 y) =2
logsx+logsy=2------- @)
from eq. (2), log;x=2-logyy, putineq. (1)

3(2-log; y)+logyy =8
6 —3log; y+log;y=8

6—-2log;y=8
2logyy=-2
log; y=-1

writing in index form

311
y=3 =3

putting the value of y in eq. (2)
logy x+ log3(%) =2
logy x+ log3(371) =2
logy x —log;3=2
logyx—1=2
log; x=3
writing in index form, x=3%=27

x=27, y=% Ans.

(J08/P2/08)

Solve the equation

(1) 22x +1 = 20, [3]
» 54y71 125y+3

11 = ) 4
W 55 a5 4

Thinking Process

(i) Express the equation in the form AX = B.
Take Ig on both sides and solve for x.

(i) Express 25 as 52 and 125 as 5°. Solve for y.
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Solution
(1) 22x+1 =20
Taking log on both sides.

1g2%**! =120
2x+Dlg2=1g20

_1g20
2x+1= lg—2
2x=4.3219-1
e 3.3219
2

x=1.66 (3sf) Ans.

54y71 _ 125y+3
257 25%7
54y—1 (53)y+3
G ()

54y71 53y+9

(i)

52y _5472}/
54y7172y :53y+974+2y
52y71 :55y+5
= 2y-1=5y+5
3y=-6
y=-2 Ans.

6 (NOS/P1/Q6)

7

(1) Solve the equation 2¢ =9+ E
t

(i) Hence, or otherwise, solve the equation

(3]

(3]

Thinking Process

1
(i) To find x # substitute x2=t, form a quadratic

equation and solve.

Solution
) 2t=9+z
t
oo 9t +5
t
202 =91 +5
212 -9¢-5=0

218 101 +1-5=0

2(1-5)+1{-5)=0
=352t +1)=0

= (-5=0 or 2t+1=0

1
=5 or t=-— Ans.
2

1 1 1
(i) 2x2=9+45x2 = 2x2=9+—1

x2
1
Let x2 =t
= 2t=9+ &l
!
212 -9t-5=0
(t=3)2t+1D)=0
t=35, or t= 1
2
1 1 1
= x?=3 or xr=-—
2
= x=25 or x=— Ans.
(NOS/P2/Q5)
Solve the equation
) 4x 24x
O =3 (3]
@) lg Qy +10) +1gy = 2. [3]

Thinking Process

(i) To find value of x # Express the equation as a
base of 2. Note that if x™=x" = m=n.

(i) Recall: Iga+lgb=Igab, xlga=Iga”

S GUNMME

Solution with

(1) 4x 3 24x
257x - 8xf3
(22)X _ 24x
257x (23))#3

22x % 275+x - 24x % 273x+9

22)&5+x — 24xf3x+9

23)&5 — 2x+9 1 .
==
= 3x-5=x+9 a
2x =14 a"xal=a""
x=7 Ans.

(i) 1gRy+10)+Igy=2
lg[ 2y +10)y] = 21g10
lg(2y* +10y) =1g10?
2y% +10y =100
V' +35y-50=0
v +10y -5y -50=0
Yy +10)=5(y +10)=0

(@+10)y-3)=0
y=5, y=-10((rejected)

Note that log of
negative values
are not defined.

y=5 Ans.
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J09/P2/Q7)

Given that log ,X' =9 and log,¥ =6, find

@ log, VX, (1]
i) tog, ($)- [
(iii) log,,(XY). 2]
(iv) logyX. 2]

Thinking Process
() # log,m"=nlog, m
(i) # loga()=log, m—log,n
(i) # log,(mn)=log,m+log,n

(iv) # Change of base rule.
Solution
@ log, VX = %logp X
- %(9) —45 Ans.
i) log, (%) =log, 1-log, X
=0-9=-9 Ans.

(i) log,(XY)=log, X +log,¥

=94+6=15 Ans.
. log X
(i) log, X = —£
8y log ¥
=2=15 Ans.
10 woor2010 o
Solve lg(7x—3)+21g5 =2 +1g(x +3). [4]

Thinking Process
To solve # express the equation as a single term in
lg, then remove the Ig function.

Solution
lg(7x-3)+21g5=2+1g(x+3)
lg(7x-3)+1g5* —1g(x+3)=2
1g[(7x—3)(25)] _y
(x+3)

o 250x-3)
(x+3)
25(7x-3)) | .,

lg[i(x+3) ]—lglo
25(7x-3)
(x+3)

]=21g10

100

Tx-3=4(x+3)

Tx-3=4x+12
3x=15
x=5 Ans.

11 (J10/P2/010)

(a) Given that log, X =6 and log,Y =4, find the

value of

. X*?

o) logp[Tj, 2]

(ii) logy X. [2]
(b) Find the value of 2 %, where z=5+log,3. [3]
(¢) Express 512 as a power of 4. [2]

Thinking Process

(a) (i) Expand using Ioga%=logam—logan.

(iiy Express the given log in the base of p.
log, a
log, b’

(b) To find 22 # find log,3 by changing log to the
base 10 and solve.

Apply log, a=

(c) Apply (@™)"=a™".
Solution

. x? 2
(a) () logp + =long —long

=2log, X —log, ¥
=2(6)-4=8 (Ans).
(i) logy X =log, X +log, ¥
=6+4=15 (Ans).
(b) z=5+log,3

—5+19: _ ¢ 58406
log,

= 2% 26.58496 =96

hence 2° =96 (Ans).

1
© s12=02°y

IR

S 1 o
:22=[(22)2] =44 =47 (Ans).
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Topic 9

Circular Measure

1 (J06/P2/011)

o B

The diagram shows a sector OACB of a circle, centre
O, in which angle AOB = 2.5 radians. The line AC is
parallel to OB.

(1) Show that angle AOC =(5-7x) radians. [3]
Given that the radius of the circle is 12 cm, find

(i1) the area of the shaded region, [3]
(ii1) the perimeter of the shaded region. [3]

Thinking Process

() ZOAC=nr-2AOB. ~OAC=_ACO (base /s
of isosceles triangle).

(i) Area of segment =%r2(¢9—sin¢9).

(i) Find arc AC and length AC using cosine rule.

Solution

(interior Zs between

(1) ZOAC =(z—2.5) rad .
/ lines)

ZLOAC = LZACO (0OA = OC, radii of circle)

L LAOC =7 -2x(m —2.5) (L sumof A)
=(z -27+5) rad
=(5-7x) rad (shown)
(ii) Area of shaded region
= %(12)2 [5-7)—sin(5-7)]
=72x(0.8995)
~64.8 cm” (3sf)

@iii) arcAC=12x(5-7)cm
~22.30 cm (4sf)

AC = \/122 +122 - 2(12X12)cos(5 - 7)
=192 cm (3sf)

(DO6/P2/Q12 Either)

rcm

Orad
0 M N
The diagram shows a sector of a circle, centre O and
radius rem. Angle LOM is 6 radians. The tangent to
the circle at . meets the line through O and M at N.
The shaded region shown has perimeter P cm and area
A em?. Obtain an expression, in terms of » and g, for

O P [4]
(i) A. [3]
Given that =12 and that P =83, find the value of
(iii) #, [2]
(iv) 4. [1]

Thinking Process
() # Find arc LM, LN and MN.
(i) # Find area of sector LOM and area of A.

(iii) Substitute the value of P and & into the expres-
sion of P.
(iv) Substitute the value of r found in (iii) and the value

of & into the expression of A.
Solution
i) ArcIM=r-8cm

In AOLN, ZOLN is 90° (tangent L radius)

= cosf=——
ON
ON=-"
cosf
MN =ON -0OM
r
= -r
cosf
tan@:ﬂ
»
LN =rtan@
P=arc LM+ MN + LN
=10+ —— —p frtan0

cos
= r(9+ I —l+tan9j
cosf

(i) Area of sector LOM = 21},20 em?

Area of ALOM Z%XLNXOL

2
:lxrtanexr = r—tan@
2 2
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2
Area of shaded region = %tan@ - l;’29

= %rz(tane -6) em?

iy P=83 60=12

383:r(1.2+ —l+tanl.2)

cosl.2
83

= r=

02+ +tanl.2

cosl.
~15.0 cm (3sf)

(iv) A= %(15.0)2 [tan1.2-12] cm®

~154 cm? (3sh)

J07/P1/010)

5

A B

8m
The diagram shows an isosceles triangle 4BC in

which AB =8 m, BC =CA4 =5 m. ABDA is a sector of the
circle, centre 4 and radius 8m. CBEC is a sector of the

circle, centre C and radius 5m.
(1) Show that angle BCE is 1.287 radians correct to 3

decimal places. [2]
(i) Find the perimeter of the shaded region. [4]
(i) Find the area of the shaded region. [4]

Thinking Process

() Tofind BCcE # Consider triangle ACB and find
angle ACB by applying cosine rule.

(i) # Find arc length BD with A as centre and
arc length BE with C as centre.

Arc length: S=rg. Area of a sector =%r2¢9.

Solution

(i)  Applying cosine rule on AABC
82 =52 +5% —2(5)(5)cos c
64=25+25-50cosd  Sm

Sm

S}

14 = -50cos8 A B

cos@z—% L opeigs
ZACB =1.855 radians
now, ZACB+ /BCE=rx
=  /BCE=rx-/ZACB
=7 -1.855=1.287 radians Shown

(iiy ZCAB+/CBA=/BCE
2/CAB = /BCE (- ZCAB = ZCBA)

/CAB = % —0.6435

Also, AC +CD = AD

= 5+CD=8 = (CD=3
CD+DE =CE

= 3+DE=5 = DE=2

Perimeter of the shaded region
= arc length BD + arc length BE + DE
=(8)(0.6435) +(5)(1.287)+2
=5.148+6435+2=13.583~13.6 m Ans

(i) Area of region CBD
= area of sector ABD — area of AABC

- %(8)2(0.6435) - %(8)(5)sin(0.6435)
=20.592-11.999 = 8.593 m’

Area of shaded region
= area of sector CBE — area of region CBD

= %(5)2(1 287)-8.593

=16.08-8.593=7.487~7.49 m*> Ans

(NO7/P1/Q10)

o

0.8 rad

D B
10cm

The diagram shows a sector ABC of the circle, centre
A and radius 10 cm, in which angle

BAC = 0.8 radians. The arc CD of a circle has centre
B and the point D lies on AB.

(1) Show that the length of the straight line BC is 7.79

cm, correct to 2 decimal places. [2]
(i) Find the perimeter of the shaded region. [4]
(i) Find the area of the shaded region. [4]

Thinking Process

(i) Apply cosine rule.

(iiy Perimeter of the shaded region = arc length CD +
arc length BC + length of BD.

(i) Area of shaded region = area of sector BCD +
(area of sector ABC — area of triangle ABC)
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Solution
(1) Applying cosine rule on AABC
BC? = AB* + AC* = 2(ABY(AC)cos BAC
BC? =(10)* +(10)*> —2(10)(10)cos(0.8)
BC* =200 - 200(0.6967)
BC? =60.66
BC =7.79 (to2dp) Shown.
(i) AABC is an isosceles triangle
ABC = ACB
= ABC+ACB+BAC =z
24BC=7-08 = ABC=1.17 rad.
perimeter of the shaded region
=arc length DC +arc length CB + BD
=(BCYABC) +(ABXBAC) + BD
=(7.79)(1.17)+ (10)(0.8) +7.79 (¢ BD=BC)
=9.1143+8+7.79=249 cm Ans.

(i) Area of the shaded region

= area of sector ABC — area of AABC
+area of sector BCD

~Laovrog -t - 1 2
=5 (10°(0.8) -~ (10X10)sin0.8+—(7.797(1.17)

=40-35.87+35.50
=39.63~39.6 (to3sf) Ans.

(NO7/P2/06)
Two circular flower beds have a combined

29 .
area of Tﬁ m?. The sum of the circum-

ferences of the two flower beds is 10z m.
Determine the radius of each flower bed. [6]

6

A

fromeq. (i1): ©n=5-4

subst into eq. (i): #2 +(5-nr)* = 22_9

7425108 +72 =22—9

217 +25-10x, =22—9

417 +50-20K -29=0
4r? —201 +21=0

using quadratic formula

. —(—20) £/(-20)* - 442D

1

2(4)
_ 20++/400-336
8
_20£64  20%8
8 8
28 12
n=— or n=—
8 8
= r1:z:3.5 or rlzi:l.S
2 2
when 1, =35 r=5-35=15
when =15 #=5-15=35

-, radius of one bed is 1.5m and other is 3.5m. Ans.

(J08/P1/Q7)

Thinking Process 0
Area of a circle with radius ris zr2 and circum-

ference is2xar.

Solution

Let #, and r, be the radius of circular bed 1
& 2, respectively.

Area of circular bed 1 = 4, = z5”
Area of circular bed 2 = 4, = zr,’

. 2 2
Giventhat, zn +7zr, =—7

- ,,12 +,,22 =2

Similarly, circumference of circular bed 1 & 2, is
27zr, and 27w, respectively.
27n +2xr, =107

B C

The diagram shows a sector OAB of a circle, centre O,
radius 4 cm. The tangent to the circle at 4 meets the
line OB extended at C. Given that the area of the sector
OAB 1s 10 em?, calculate

(1) the angle AOB in radians, [2]
(ii) the perimeter of the shaded region. [4]

Thinking Process

(i) # Apply area ofsector=%r2¢9

(i) Use S=rf to find arc length AB. Line AC is
tangent to the circle at point A. Therefore use right
angled triangle OAC to find AC and OC.
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Solution

(1) Area of sector OAB = %},20

= 10= %(4)29

10=86
_10_5_ ;
0= T =1 1.25 radian  Ans.

(i) Arclength AB =#0 = (4) (%) =5cm

In AOAC. tan AOC = 4€

04
= AC =(0A4)tan 40C
= AC = (4) tan(%)

= AC =12.04 cm

OC? =04 + AC?
OC = /(04" +(4CY’
= J(@? +(12.04)* = 160.962 = 12.687

BC=0C-0B
=12.687 -4 =8.687 cm
Perimeter of the shaded region
=arc length 4B + BC + AC
=5+8.687+12.04
=25727~257cm Ans.

T woorion

15cm 12em

o B

15cm

The diagram shows a sector AOB of a circle, centre O,
radius 15 cm. The length of the arc AB is 12 cm.

(1) Find, in radians, angle 40B. [2]
(i) Find the area of the sector AOB. [2]

Thinking Process
(i) # Apply formula, S=r6.

(i) # Apply formula, A=%r2¢9.

Solution

()  Arclength =r6
12=156

_12 _
9—15 =0.8rad. Ans.

(ii) Area of sector = % »20

- %(15)2(0.8) —90cm?  Ans.

(NO9/P2/Q11)

Answer only one of the following two alternatives.
EITHER

In the diagram, ACB is an arc of a circle with centre P,
and ADB is an arc of a circle with centre (. Angle

AOB =%,AQ=BQ =3cm and
AP =BP = \/§ cm.
(1) Show that angle APB = ZT” [2]

(i) Find the perimeter of the shaded region. [3]
(i) Find the area of the shaded region. [5]

Thinking Process

(i) Sum of angles of a quadrilateral = 27 radians.
Note that AP and BP are perpendicular to AQ and BQ
respectively.

(i) To find perimeter of the shaded region # find arc
Ienghs of ADB and ACB using s=rg.

(i) Find the area of two sectors ACBP and ADBQ and
subtract the area of their respective triangles.

Solution

(i) AP and PB are tangents to the arc of
circle with centre Q.
Therefore 4P 1 AQ and BP L BQ.
= PAQ=PBO- %
In quadilateral APBQ
APB +PBO +AOB +PAQ =2

= APB+Z+Z 47 _op
2 3 2

APB+ Y _op
3
AﬁBzzﬁ—%”

= 2?” radians Shown.
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Topic 16

Integration and Applications

(JO6/P1/Q7)

A particle moves in a straight line, so that, ¢s after
leaving a fixed point O, its velocity, v ms™, is given by

v=pt* +qt+4,

where p and ¢ are constants. When # =1 the accelera-
tion of the particle is 8 ms™. When 7 =2 the displace-
ment of the particle from O is 22 m. Find the value of
p and of g. [71

Thinking Process

Differentiate v to get acceleration formula.
Integrate v to get displacement formula.
Substitute given values to solve for p and q.

Solution

v=pt* +qt+4
a=2pt+q
At t=1, a=8
=2p(H+4q(1)=8
=2p+qg=8
= G=8=2p i €)]

s:J.(pl,‘2 +qt +4)dt

t3 2
YL
3 2

At =0, s=0,
= c=0
s:ﬁﬁ
3

S

+ 42 4
2

At =2, s=22,
P A3, 4 2 _
3;(2) +5(2) +4(2)=22

8
3?p+2q +8=22

=8p+6q=42
=4dp+3¢ =21, @)

Sub. (1) into (2):
4p+3(8-2p)=21

=4p+24-6p=21

=-2p=-3

p=

—
[\
N | = o

p=

Sub. p= l% in(1):

1
=8-2|1—
1 (2j

=8-3
=5
JO6/P1/Q8)
(1) Given that y= L+sinx
cosx
d 1
show that — = — . [5]
dx l-sinx

i yj

The diagram shows part of the curve y =

l-sinx
Using the result given in part (i), find the area of
the shaded region bounded by the curve, the x-axis

and the lines x = 34—” and x = R . [3]

Thinking Process
(i) Apply quotient rule to differentiate y.

(iiy Integrate the curve from %toi—”. Apply

reverse-differentiation to integrate y.
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Solution with
@ _ 1+sinx
COS X

dy _ cosx(cosx) —(1+sin x)(—sin x)

2
dx cos’ x

2 : 22
dy COS X+smmx+sm x

dx cos? x
_ l+sinx
_l—sinzx

1+sin x

- (I+sinx)- (1 —sinx)

= 1_ (shown)
1-sinx

(ii) Area of shaded region

Sz 2

=2 dx
x .
7 l-sinx

iz
= ZJ.% dx

1—sinx
I
PN l+smx}4
| cosx |ar
:2_ 1+sina& ~ 1+sin3Z
cosST” cos%”
[1- L €L
ik
_ 1 _ 1
L 2 A
[_2
2| 2
_ 1
L V2

2 2
ZE(WTJ
=2x2

= 4 units?

‘ Note that calculator must be in radian mode.

3 (JO6/P2/04b)

1
(b) Evaluate J.OZ el dx

[4]

Thinking Process

b KON
(b) jef(X) dx = _

a 00|,

Solution

4 (DO6/P1/Q12 Either)

ya y=4-e2x

7

4 0 C

ek J

The diagram shows part of the curve y =4 — ¢ >* which
crosses the axes at 4 and at B.

(1) Find the coordinates of 4 and of B. [2]
The normal to the curve at B meets the x-axis at C.
(i) Find the coordinates of C. [4]

(ii1) Show that the area of the shaded region is approxi-
mately 10.3 square units. [5]

Thinking Process

(i) For A, solve y=0. For B, solve for y when x=0.

(iiy Find equation of normal at B. This line cuts the x-
axis at C. Find C.

(iiiy Integrate the curve from A to the origin and add
that to the area of triangle formed by BC, x-axis

and y-axis.
Solution
() x=0, y=4-¢
=3
s Bis (0, 3)
y=0, =4-¢7*=0
=e =4
= 2x=In4
In4
X=—
-2
_1
=ln42=lnl
2
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(i) y=d4-e* 6 (JO7/P1/Q11(ii) Either)

dy ok
- =2
¢ YA

At B (0, 3), gradient of tangent =2 .
y =3sinx + 4cosx

. 1
= gradient of normal = )

. 1
Equation of normal: y= —Ex +c

1
3=c¢ :
1
1 i
y=——x+3
2 :
1 h
At y=0, :—5x+3=0 [9) % X
Lo 3
= Ex - The graph shows part of the curve
= x=6 _ - _
- Cis (6, 0) y=3sinx+4cosx for Oﬁxﬁi radians.
(iii) Area of shaded region Find the area of the shaded region. [5]

—[* (- de+ L 6)3)
inl 2 Thinking Process

e 0 To find area of the shaded region # integrate the
=|4x- +9
=2 Inl equation of the curve from x=0 to X=%
0
1 .
= {4x+ 5 ZX} +9 Solution
€ nl
: Area of shaded region
1 1 1
27 =I(3sinx+4cosx) dx
1 1 0
=——4In=—-249 i
2 2

|:—3cosx +4sin x P
~10.3 units® (shown) 0

=(-3 cos(%) +4 sin(%)) — (—3c0s(0) + 4sin(0))

S5 osra03 =(0+4)-(=3+0)

z . =4+3=7 unit’ Ans
Evaluate J.G sin(Zx + —) dx. [4]
° 6 T worpoi on)
Thinking Process vi
Note: jasinbxdx =2 cosbx +c.
b A
Solution
% . T 1 T &
J.o sin 2x+g dx:—5~ cos 2x+g C 12
y =
0 ) Br+2)?
2 «
=——|cos| =—+= |—cos—
o)
1 ( T 72')
=——| cos=—cos— >
2 2 6 o0 B X
_ _l( 0- ﬁ j The diagram, which is not drawn to scale, shows part
2 12 . . .
of the curve ¥ =———, intersecting the y-axis at

2
NG (Gx+2)
4

A. The tangent to the curve at 4 meets the x-axis at B.
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The point C lies on the curve and BC is parallel to the
y-axis.

(1) Find the x-coordinate of B. [4]
(i1) Find the area of the shaded region. [6]

Thinking Process

(i) To find coordinates of point B # Find the equa-
tion of the tangent using gradient and point A. The
tangent meets the x-axis at B, so put y = 0 in the
equation of the tangent.

(iiy To find the shaded area h Integrate the equation
of the curve and subtract area of triangle AOB

from it.
Solution
. 12
12 At4 x=0
O (3x+2)> -
12 12
T Yo A

coordinates of point A are (0, 3)

Differentiating equation of the curve w.r.t. x

dy d(12(3x+2) )

- 72
= 24Bx+2) 3@ =——=—

( ) ) Bx+2)

at y=0, H___ T2 _ T2__

de  (30)+2° 8
gradient of the tangent at point 4 is —9
equation of the tangent:
y=3=-9(x-0)
y-3=-9% = y+5x=3
the tangent meets x-axis at B
atB, y=0

= 0+9%x=3 = x:% Ans
(it) BC is parallel to y-axis, therefore x-coordinates

of B and C are same i.e. %

Area of shaded region

= area under the curve — area of AAOB

1
3
1.1
—=—x=x3
'(!.(3x+2) 23

=12[@r+2)" dr-1

_ 3x+2)1 ; 1
- D3 | 2

ke +2)}

O ey |

W=

l\JI'—*

=yt 1 -1
(3(%)”) GO+ | 2

gl 1)1

=3 2} 2

gl 1)1 2.1 1 e

= 4_ 6} 57373 6unlt Ans

J07/P2/011)

A particle, moving in a straight line, passes through a
fixed paint O with velocity 14 ms™. The acceleration,
a ms™, of the particle, ¢ seconds after passing through
O, is given by a=2t-9. The particle subsequently
comes to instantaneous rest, firstly at A and later at B.
Find
(1) the acceleration of the particle at 4 and at B,
[4]
(i) the greatest speed of the particle as it travels from
A to B, [2]
(ii1) the distance AB. [4]

Thinking Process

(i) To find the acceleration # find the equation for the
velocity of the particle. Calculate the time when the
velocity of the particle is zero.

(i) Note that at greatest speed, acceleration of the
particle is zero.

(iiy To find the distance AB # first calculate the equa-
tion for the displacement.

Solution
(i) a=2t-9
velocity, v= J.a dt
= j (2t-9) dt
= % -9t+C
=2 -9t+C

when =0, v=14m/s

= 4=0Y-90)+C = C=14
v=1"-9+14

when a particle comes to rest instantaneously,

v=0

= £-9r+14=0
t-Nt-2)=0
t=7 and =2

= the particle is at 4 when 7 =2 seconds and

itis at B when ¢ =7 seconds.

acc.at A: a=2(2)-9=-5m/s> Ans.
acc.at B: a=2(7)-9=5m/s’ Ans.
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(i) Given, a=2t-9
At greatest speed, a =0

= 2t-9=0 = t:%seconds

now, y=1>-9t+14

=9
at t—2
22 _o?2
v—(2) 9(2)+14
_81 81 4,__25__
=7 2+l4— 1 6.25 m/s Ans.

(i) Let s be the distance
s = J.v dt

= szj(z2—9t+14)dz
£ oo
= s=3-9F)+14+K
when =0, s=0
3 2

= 0:%—9(%)“4(0)”( = K=0

_r o

5= -9(5) +141

particle is at A when ¢ =2

displacement at 4 is:
_@ @
§=5 9( 5 )+14(2)

-8_ =38
=3-18+28=m.

particle is at B when £ =7

displacement at B is:

(Do (D

343 _ 44l g 49

=33 ) +98 = G m.

. 38 49

Distance AB——3 +—6
125 4.5
—T—ZOgm Ans.

Note that the negative sign in the displacement OB
of the particle indicates that the particle covered ]
metres in a direction opposite to that of OA.

t= 7 . t=2

B 0 4

Therefore total distance AB = OA + OB

9 (NO7/P2/Q9(ii))

A particle travels in a straight line so that, 7 s after
passing through a fixed point O, its speed, v ms™, is

given by v =38cos (%) .

The particle first comes to instantaneous rest at the
point P.

Find the distance OP. [4]

Thinking Process

To find the distance OP # substitute v = 0 and solve
for t. Integrate velocity to obtain an expression for
displacement.

Solution

The particle comes to instantaneous rest at P

= ie v=0 at P

= SCOS(LJ =0
2

particle is at point P when ¢ = 7 sec

Distance OP = J.v dt

0

= J.Scos(ij dt
. 2
= ’lein (ij
o 2
:16(sin£— singj
2 2

=16(1)=16 m (3sf) Ans.

.4

85in£><2
2

0

10 (J08/P1/Q9)

. d
A curve is such that Ey=2005(2x—%). The curve

passes through the point (%, 3).

(1) Find the equation of the curve. [4]
(i) Find the equation of the normal to the curve at
the point where x =3T”' [4]

Thinking Process

(i) To find the equation of curve # integrate the
given expression of gradient.

(iiy Find yat x= %T” from equation of curve obtain in

part (i). Note that gradient of normal

-1

~grad. of tangent’ Apply y =y, = mlx = x) to

find equation of normal.
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Solution
n Yo _z
) Ir 2cos (Zx 5 )
= dy =2005(2x—%) dx
integrating both sides
= _z
J.dy = J.Zcos(Zx 2) dx
—osinf2x-Z|x L
y—ZSln(Zx 2)><2 +C
y=sin(2x—%)+C
the curve passes through (%, 3)

3=sin (2(%)—%) +C

3—sm( )+C csinZ =1

2

2
3=1+C = (C=2

equation of curve is: ¥ =sin (Zx - %) +2

(ii) Equation of the curve from part (i) is:

y=sin(2x—%)+2

3z
wh ===
en x 1

(2(—)——)+2
—sin[3E_-Z
y—sm(2 2)+2
y=sin(r)+2 wsinzz =0

y=2
the gradient of tangent is

dy %
=2 2x——
cos( X 2)

dx
3 by ( 3_ﬂ_z)
at x = 1 dx—Zcos 2(4) 5
R
=2 T
cos(2 2)
=2cos(7)
=2(-H)=-2

i il S §
= gradient of normal = >3

equation of normal with gradient %, passing

through (37”, 2) is:

1( 3z
4

1y 37 B P
y—2—2x ) = y=ox T+2

11 (J08/P2/010)

(a) Find
: 12
_12 4, 2
o | T 2]
@ [x(x-1)ax [3]
(b) (1) Given that y=2(x-5)vx+4, show that
dy _3(x+1D)
iy il 3]
(i) Hence find J.(jﬂ dx. 2]
x+4

Thinking Process

(a) (i) # Rewrite and integrate.
(i) # Expand and integrate.
(b) (i) # Differentiate using product rule.
(i) # Apply anti-differentiation to find integral.

Solution
: 12 3 e
@ @ J.mdx—lzj.@x D" dx

_[ex-17
= IZ[T(Z)J +C

- 12[;}] +C
Z6(2x—1)

= —#+C Ans.

@2x-1)

(i) Ix(x—l)zdx=jx(x2—2x+l)dx

=I(x3—2x2+x)dx
:%_2[ ]+—+C
Ll 25,1
7573

+2x2+C Ans.

4

b)) @ y=2x-5vx+4

:(2x—10)(x+4)%

1

% = (2x —10)%@ 14 4 (x +4)%(;1—x(2x ~10)
= (2x-10) [%(x+4)5]+(x+4)5 @
w25 s d

NEw
_(x=5+2(x+4)
BT
_x—-5+42x+8
T hea

_3x+3 _ _3(x +D Proved

Vx+4 - Vx+4
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3(x+1)
\/x+4

(x+1)
L) J.\/x+4

%J.%(Z(x—sﬂm) dx

- %(Z(x— S)Vx+4)
- %(x _5)Jx+4 Ans.

12 (JO8/P2/Q12 Either)

v A

(1,3) y=dx-x*

B A

0 \

=Y

The diagram shows the curve y = 4x — x2, which crosses

the x-axis at the origin O and the point 4.

The tangent to the curve at the point (1, 3) crosses the

x-axis at the point B.

(1) Find the coordinates of 4 and of B.
(i1) Find the area of the shaded region.

(3]
(3]

Thinking Process

(i) To find coordinates of A # put y = 0 in equation
of curve. To find coordinates of B, find the equa-
tion of tangent, put y = 0 and find the value of x.
(iiy Total shaded area = area of triangle + area under

the curve.

Solution

(i) y=dx-x
atpoint 4, y=0
= 4x-x*=0
x(4-x)=0
x=0 or x=4
coordinates of 4 (4, 0) Ans.

eq. of curve: y=4x—x"

% =4-2x
at x=1
dy
dx
gradient of tangent at point (1, 3) =2

=4-2(1)=2

equation of tangent:
y=3=2(x-1)
y—-3=2x-2

(i)

1058

the tangent crosses x-axis at B

at point B, y =0, putineq.(i)

0=2x+1
eool
2

coordinates of B (—%, O) Ans.

v A

(1, 3) y=dx-x*

»< Vv

Al
0o N \
Area of shaded region
= Area of A PBN + area under the curve

4
- %(BN)(PN) +[dx- o) dr
1

1 1 x2 X !
b (2]
x3 !
5]

1
o)

64 1

@2-§J-P-§ﬂ

[32 5}

_1.3 2 _
= 5(5)(3) +{2x

|
FSNINa}
+

(2(4)

Il
FSINo)
+

3 3

Il
FSINo)
+

£ J>|\o

+9
5

bl

=11.25 units® Ans.
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